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We consider the following Hardy inequality in the differential form $${\parallel uf \parallel}_{q} \leq C\left. \parallel\rho f^{\prime}\parallel \right._{p},\quad f \in \overset{\circ}{AC}(I).$$
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We suppose that only condition ([2](#Equ2){ref-type=""}) does not hold. In case ([3](#Equ3){ref-type=""}) or ([4](#Equ4){ref-type=""}), our criterion coincides with the well-known Muckenhoupt result. However, our upper estimate in ([7](#Equ7){ref-type=""}) is worse than the known one (see \[[@CR2]--[@CR4]\], and Remark [3.2](#FPar8){ref-type="sec"} further). In case ([6](#Equ6){ref-type=""}), our criterion is given in terms different from those in \[[@CR1], [@CR2]\], and \[[@CR4]\]. The terms in \[[@CR4]\] are close to ours, but the comparison analysis shows that our results and an estimate of type ([7](#Equ7){ref-type=""}) are better than in \[[@CR4]\] (see Remark [3.3](#FPar13){ref-type="sec"}).

At the end of the paper, we find a criterion for the compactness of the set $M = \{ uf:f \in \overset{\circ}{AC}(I),{\parallel \rho f^{\prime} \parallel}_{p} \leq 1\}$ in $\documentclass[12pt]{minimal}
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-----
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Lemma 2.2 {#FPar3}
---------
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Proof {#FPar4}
-----
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Main results {#Sec3}
============
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Theorem 3.1 {#FPar5}
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Proof {#FPar6}
-----
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Remark 3.1 {#FPar7}
----------

Let us notice that in \[[@CR5]\], for inequality ([1](#Equ1){ref-type=""}), an estimate of the type ([18](#Equ18){ref-type=""}) has been obtained in the case $\documentclass[12pt]{minimal}
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Remark 3.2 {#FPar8}
----------

If ([3](#Equ3){ref-type=""}) or ([4](#Equ4){ref-type=""}) is correct, then by Theorem [3.1](#FPar5){ref-type="sec"} there follows the correctness of the corresponding integral Hardy inequality (see \[[@CR1]\]). For example, if ([3](#Equ3){ref-type=""}) holds, then $$\documentclass[12pt]{minimal}
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                \begin{document}$$A_{p,q}=\sup_{z\in I} \biggl( \int_{z}^{b}u^{q}(x)\,dx \biggr)^{\frac {1}{q}} \biggl( \int_{a}^{z}v^{-p'}(s)\,ds \biggr)^{\frac{1}{p'}}, $$\end{document}$$ where the condition $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}<\infty$\end{document}$ coincides with the Muckenhoupt condition (see \[[@CR3]\]), and inequality ([1](#Equ1){ref-type=""}) is equivalent to the integral Hardy inequality ([5](#Equ5){ref-type=""}). However, our upper estimate in ([7](#Equ7){ref-type=""}) is worse than that in the known result (see e.g. \[[@CR3]\], Thm. 5). For example, in case ([3](#Equ3){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$p=q=2$\end{document}$, from ([12](#Equ12){ref-type=""}) we have $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}\leq C\leq (\frac{3\sqrt{5}+7}{\sqrt {5}-1} )^{\frac{1}{2}}A_{p,q}\approx3.33 A_{p,q}$\end{document}$, but from Theorem 5 of \[[@CR3]\] it follows that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$A_{p,q}\leq C\leq2A_{p,q}$\end{document}$.

Theorem 3.2 {#FPar9}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$1=p=q$\end{document}$. *Inequality* ([1](#Equ1){ref-type=""}) *holds if and only if* $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}<\infty$\end{document}$. *Moreover*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{p,q}=C$\end{document}$, *where* *C* *is the least constant in* ([1](#Equ1){ref-type=""}).

Proof {#FPar10}
-----

From ([25](#Equ25){ref-type=""}) we have that $\documentclass[12pt]{minimal}
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                \begin{document}$\Vert uf\Vert _{q}\leq\lambda A_{p,q} \Vert \rho f'\Vert _{p}$\end{document}$. Taking $\documentclass[12pt]{minimal}
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                \begin{document}$\Vert uf\Vert _{q}\leq A_{p,q} \Vert \rho f'\Vert _{p}$\end{document}$, that is, inequality ([1](#Equ1){ref-type=""}) holds with the estimate $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}\leq C$\end{document}$, which, together with ([20](#Equ20){ref-type=""}), gives $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}=C$\end{document}$. □

Theorem 3.3 {#FPar11}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \begin{document}$1\leq p\leq q =\infty$\end{document}$. *Inequality* ([1](#Equ1){ref-type=""}) *holds if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{p,q}<\infty$\end{document}$. *Moreover*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{p,q}\leq C\leq4A_{p,q}$\end{document}$, *where* *C* *is the least constant in* ([1](#Equ1){ref-type=""}).

Proof {#FPar12}
-----

Let $\documentclass[12pt]{minimal}
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                \begin{document}$1\leq p< q =\infty$\end{document}$. The necessity follows from Theorem [3.1](#FPar5){ref-type="sec"}. Let us prove the sufficiency. Let $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}<\infty$\end{document}$. For $0 \leq f \in \overset{\circ}{AC}(I)$, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert uf\Vert _{q} &=\sup_{k}\Vert uf\Vert _{q,\Delta T_{k+1}}\leq \lambda^{2}\sup_{k} \lambda^{k}\Vert u\Vert _{q,\Delta T_{k+1}} \\ &\leq \lambda^{2}\sup_{k}\lambda^{k} \Vert u\Vert _{q,T_{k+1}}\leq \lambda^{2}\sup _{k,i}\lambda^{k}\Vert u\Vert _{q,(\alpha _{i}^{k},\beta_{i}^{k})} \\ &\leq \lambda^{2} A_{p,q}\sup_{k,i} \bigl( \lambda^{pk}\bigl\Vert \rho^{-1}\bigr\Vert _{p',(c_{i}^{k},\alpha _{i}^{k})}^{-p}+\lambda^{pk} \bigl\Vert \rho^{-1}\bigr\Vert _{p',(\beta_{i}^{k},d_{i}^{k})}^{-p} \bigr)^{\frac{1}{p}} \\ &\leq \frac{\lambda^{2}}{\lambda-1} A_{p,q}\sup_{k} \bigl\Vert \rho f'\bigr\Vert _{p,\Delta T_{k}}\leq \frac{\lambda^{2}}{\lambda-1} A_{p,q}\bigl\Vert \rho f'\bigr\Vert _{p}, \end{aligned}$$ \end{document}$$ that is, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert uf\Vert _{q}\leq \inf_{\lambda>1} \frac{\lambda^{2}}{\lambda-1} A_{p,q}\bigl\Vert \rho f'\bigr\Vert _{p}=4A_{p,q}\bigl\Vert \rho f'\bigr\Vert _{p}, $$\end{document}$$ which, as before, means that $$\documentclass[12pt]{minimal}
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                \begin{document}$$C \leq4A_{p,q}. $$\end{document}$$

Let $\documentclass[12pt]{minimal}
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                \begin{document}$p=q=\infty$\end{document}$.

Sufficiency. From ([22](#Equ22){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lambda^{k}\bigl\Vert \rho^{-1}\bigr\Vert _{1,(c_{i}^{k},\alpha _{i}^{k})}^{-1}\leq\frac{1}{\lambda-1}\bigl\Vert \rho f'\bigr\Vert _{p,(c_{i}^{k},\alpha_{i}^{k})}, \\& \lambda^{k}\bigl\Vert \rho^{-1}\bigr\Vert _{1,(\beta _{i}^{k},d_{i}^{k})}^{-1}\leq\frac{1}{\lambda-1}\bigl\Vert \rho f'\bigr\Vert _{p,(\beta_{i}^{k},d_{i}^{k})}. \end{aligned}$$ \end{document}$$

Using these relations instead of ([23](#Equ23){ref-type=""}) and ([24](#Equ24){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert uf\Vert _{q}&\leq \lambda^{2} \sup _{k,i}\lambda^{k}\Vert u\Vert _{q,(\alpha _{i}^{k},\beta_{i}^{k})} \leq \lambda^{2} A_{p,q}\sup_{k,i} \bigl( \lambda^{k}\bigl\Vert \rho^{-1}\bigr\Vert _{1,(c_{i}^{k},\alpha _{i}^{k})}^{-1}+\lambda^{k} \bigl\Vert \rho^{-1}\bigr\Vert _{1,(\beta_{i}^{k},d_{i}^{k})}^{-1} \bigr) \\ &\leq \frac{\lambda^{2}}{\lambda-1} A_{p,q}\sup_{k} \bigl\Vert \rho f'\bigr\Vert _{p,\Delta T_{k}}\leq \frac{\lambda^{2}}{\lambda-1} A_{p,q}\bigl\Vert \rho f'\bigr\Vert _{p}. \end{aligned}$$ \end{document}$$ This gives that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert uf\Vert _{q}\leq4A_{p,q}\bigl\Vert \rho f'\bigr\Vert _{p} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$C\leq4A_{p,q}. $$\end{document}$$

Necessity. Substituting the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert u\Vert _{q,(c-h,c+h)}\leq C \bigl(\bigl\Vert \rho ^{-1} \bigr\Vert _{1,(\alpha, c-h)}^{-1}+ \bigl\Vert \rho^{-1} \bigr\Vert _{1,(c+h,\beta)}^{-1} \bigr), $$\end{document}$$ which means that $$\documentclass[12pt]{minimal}
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                \begin{document}$$A_{p,q}\leq C\leq4A_{p,q}. $$\end{document}$$ The proof of Theorem [3.3](#FPar11){ref-type="sec"} is complete. □

Remark 3.3 {#FPar13}
----------

The obtained results can be compared with the results of Theorem 8.2 of \[[@CR4]\], where it is proved that, for $\documentclass[12pt]{minimal}
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                \begin{document}$1\leq p\leq q\leq\infty$\end{document}$, the validity of ([1](#Equ1){ref-type=""}) is equivalent to the condition $$\documentclass[12pt]{minimal}
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                \begin{document}$$B_{p,q}=\sup_{(c,d)\subset I} \bigl[\Vert u\Vert _{q,(c,d)}, \min\bigl\{ \bigl\Vert \rho^{-1}\bigr\Vert _{p',(d,b)}, \bigl\Vert \rho^{-1}\bigr\Vert _{p',(a,c)}\bigr\} \bigr]< \infty. $$\end{document}$$ Moreover, for the least constant *C* in ([1](#Equ1){ref-type=""}), we have the estimates $$\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}< B_{p,q}$\end{document}$. Moreover, the estimates for the least constant *C* in ([1](#Equ1){ref-type=""}) obtained in Theorems [3.1](#FPar5){ref-type="sec"} and [3.3](#FPar11){ref-type="sec"} are obviously better than in ([27](#Equ27){ref-type=""}) and ([28](#Equ28){ref-type=""}), respectively.

Compactness {#Sec4}
===========

Let $\documentclass[12pt]{minimal}
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                \begin{document}$I=(-\infty,+\infty)$\end{document}$ and $M = \{ uf:f \in \overset{\circ}{AC}(I),{\parallel \rho f^{\prime} \parallel}_{p} \leq 1\}$.
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                \begin{document} $$\begin{aligned}& A^{+}_{p,q}(z)=\sup_{h>0}\frac{ (\int_{z}^{z+2h}u^{q}(t)\,dt )^{\frac{1}{q}}}{ (\Vert \rho^{-1}\Vert ^{-p}_{p',(-\infty,z)} +\Vert \rho^{-1}\Vert ^{-p}_{p',(z+2h,\infty)} )^{\frac{1}{p}}}, \\& A^{-}_{p,q}(z)=\sup_{h>0}\frac{ (\int_{z-2h}^{z}u^{q}(t)\,dt )^{\frac{1}{q}}}{ (\Vert \rho^{-1}\Vert ^{-p}_{p',(-\infty,z-2h)} +\Vert \rho^{-1}\Vert ^{-p}_{p',(z,\infty)} )^{\frac{1}{p}}}. \end{aligned}$$ \end{document}$$

Theorem 4.1 {#FPar14}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{\vert x\vert \rightarrow \infty}A_{p,q}(x)=0. $$\end{document}$$

Proof {#FPar15}
-----

Necessity. Let *M* be relatively compact in $\documentclass[12pt]{minimal}
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                \begin{document}$L_{q}(I)$\end{document}$. Then by Theorem [3.1](#FPar5){ref-type="sec"} we have that $\documentclass[12pt]{minimal}
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                \begin{document}$f_{c,h,\alpha ,\beta}\equiv f_{c,h}$\end{document}$ be the function introduced in the necessary part of Theorem [3.1](#FPar5){ref-type="sec"}.
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                \begin{document} $$\begin{aligned}& f^{+}_{z,h,\alpha,\beta}\equiv f_{z+h,h,\alpha,\beta}, \quad\quad f^{-}_{z,h,\alpha ,\beta}\equiv f_{z-h,h,\alpha,\beta}, \\& g^{+}_{z,h,\alpha,\beta}(t)=f^{+}_{z,h,\alpha,\beta}(t) \bigl(\bigl\Vert \rho^{-1}\bigr\Vert _{p',(\alpha,z)}^{-p}+ \bigl\Vert \rho^{-1}\bigr\Vert _{p',(z+2h,\beta)}^{-p} \bigr)^{-\frac{1}{p}}, \\& g^{-}_{z,h,\alpha,\beta}(t)=f^{-}_{z,h,\alpha,\beta}(t) \bigl(\bigl\Vert \rho^{-1}\bigr\Vert _{p',(\alpha,z-2h)}^{-p}+ \bigl\Vert \rho^{-1}\bigr\Vert _{p',(z,\beta)}^{-p} \bigr)^{-\frac{1}{p}}. \end{aligned}$$ \end{document}$$

Since $g_{z,h,\alpha,\beta}^{\pm} \in \overset{\circ}{AC}(I)$ and $\documentclass[12pt]{minimal}
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                \begin{document}$\Vert \rho(g^{\pm}_{z,h,\alpha,\beta})'\Vert _{p}\leq1$\end{document}$, we have $\documentclass[12pt]{minimal}
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                \begin{document}$g^{\pm}_{z,h,\alpha,\beta}\in M$\end{document}$, and by the Frechet-Kolmogorov theorem \[[@CR6]\], p.10 we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} 0&=\lim_{N\rightarrow\infty}\sup_{f\in M} \biggl( \int_{\vert t\vert >N}\vert uf\vert ^{q}\,dt \biggr)^{\frac{1}{q}}\geq \lim_{N\rightarrow\infty}\sup_{z,h,\alpha,\beta} \biggl( \int _{t>N}\bigl\vert ug^{+}_{z,h,\alpha,\beta}\bigr\vert ^{q}\,dt \biggr)^{\frac{1}{q}} \\ & \geq \lim_{N\rightarrow\infty}\sup_{z>N}\sup _{h>0} \frac{ (\int_{z}^{z+2h}u^{q}(t)\,dt )^{\frac{1}{q}}}{ (\Vert \rho^{-1}\Vert _{p',(-\infty,z)}^{-p}+ \Vert \rho^{-1}\Vert _{p',(z+2h,\infty)}^{-p} )^{\frac {1}{p}}}=\lim_{z\rightarrow\infty}\sup A^{+}_{p,q}(z). \end{aligned}$$ \end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{z\rightarrow\infty}A^{+}_{p,q}(z)=0. $$\end{document}$$

Similarly, working with the function $\documentclass[12pt]{minimal}
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                \begin{document}$g^{-}_{z,h,\alpha,\beta}$\end{document}$, we get $\documentclass[12pt]{minimal}
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                \begin{document}$\lim_{z\rightarrow-\infty}A^{-}_{p,q}(z)=0$\end{document}$, which, together with ([30](#Equ30){ref-type=""}), gives ([29](#Equ29){ref-type=""}).

Sufficiency. Let $\documentclass[12pt]{minimal}
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                \begin{document}$A_{p,q}<\infty$\end{document}$ and ([29](#Equ29){ref-type=""}) hold. Then, on the basis of Theorem [3.1](#FPar5){ref-type="sec"}, the set *M* is bounded in $\documentclass[12pt]{minimal}
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                \begin{document}$L_{q}(I)$\end{document}$. Therefore, by the Frechet-Kolmogorov theorem it suffices to show that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{N\rightarrow\infty}\sup_{f\in M} \biggl( \int_{\vert t\vert >N}\vert uf\vert ^{q}\, dt \biggr)^{\frac{1}{q}}=0. $$\end{document}$$
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                \begin{document}$$\widehat{u}(t)=\left \{ \textstyle\begin{array}{l@{\quad}l} u(t), & t< N, \\ 0, & t\geq N, \end{array}\displaystyle \right . \quad \mbox{and}\quad \widetilde{u}(t)=\left \{ \textstyle\begin{array}{l@{\quad}l} 0, & t\leq N, \\ u(t), & t>N. \end{array}\displaystyle \right . $$\end{document}$$ Hence, by Theorem [3.1](#FPar5){ref-type="sec"} we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl( \int_{-\infty}^{\infty} \vert \widehat{u}f\vert ^{q}\, dt \biggr)^{\frac{1}{q}}\leq f(\lambda_{1})\sup _{x< N}A_{p,q}(x) \quad \mbox{for } f\in M, \\& \biggl( \int_{-\infty}^{\infty} \vert \widetilde{u}f\vert ^{q}\, dt \biggr)^{\frac{1}{q}}\leq f(\lambda_{1})\sup _{x>N}A_{p,q}(x)\quad \mbox{for } f\in M. \end{aligned}$$ \end{document}$$ Then $$\documentclass[12pt]{minimal}
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